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If {V(t)l*,, is a given unitary one-parameter group of operators in Hilbert 
space, there are well-known P-integrability conditions (p > 1) on the imaginary 
part of the resolvent operators which imply absolute continuity of the spectral 
resolution for {V(t)}. Although one-parameter groups of isometries in Banach 
space do not in general have spectral resolutions, they still have an attractive 
spectral theory. We shall display resolvent type conditions which imply spectral 
continuity for such one-parameter groups, thus generalizing the Hilbert space results. 
The results are applied to the case of one-parameter groups of automorphisms of 
C*-algebras in the last section. 8 1992 Academic Press, h. 
1. INTRODUCTION 
Let VW,,, be a strongly continuous one-parameter group of 
unitary operators in some given Hilbert space Z, and let H denote the 
corresponding self-adjoint generator of U. Then the resolvent R(z) = 
(zl- H)-l is defined for complex z in the complement of [w, i.e., Im z # 0. 
Stone showed [15] that the spectral resolution E(.) for U, i.e., 
U(t) = S, e”‘E(dA), (1.1) 
may be obtained from considering the operator Im R(z), as z approaches 
the real line. It was proved in [14, Vol. III, Theorem XIII, 191 that Stone’s 
formula yields a useful Zp-spectral condition (p > 1) on vectors in Z 
which implies absolute continuity. A vector x in 2’ is said to be absolutely 
continuous if the measure IIE(.)xll’ is absolutely continuous with respect o 
Lebesgue measure on 52, i.e., has $P’-Radon-Nikodym derivative. (As 
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noted in [14], this result has applications to Schrodinger operators 
-A + I’, where the potential V is assumed to satisfy a, so called, Rollnik 
condition; see [14, Sect. XIII, 61 for details.) 
Outside the analysis of the Schrodinger equation, there are many 
interesting initial value problems in the theory of partial differential 
equations whose natural setting is not a Hilbert space, but rather a Banach 
space, typically non-reflexive. Thus for various heat equations the natural 
norm (of temperature functions) is the supremum norm, and for diffusion 
equations, the L’-norm is the one which is useful. For evolution of 
operators (e.g., the Heisenberg formulation of quantum mechanics) the 
appropriate norm is the operator norm. If U(t) is the unitary one-parameter 
group governing the Schrodinger equation, then observables A transform 
to a,(A) = U(t) AU(t)*, and the operator norm is preserved. A more 
general instance of this occurs in the theory of automorphisms groups 
acting on operator algebras. 
Outside Hilbert space, there is no generally accepted definition of spec- 
tral continuity. In this paper, we consider a given strongly continuous one- 
parameter group {c(~} of isometries acting on some Banach space X, thus 
generalizing the case of a unitary one-parameter group. We shall display a 
variety of conditions reflecting spectral continuity for vectors in X relative 
to {a,}. The main applications will be to groups of automorphisms acting 
on operator algebras. Specifically, we will generalize the above mentioned 
theorem for unitary one-parameter groups to the setting of groups of 
isometries. We shall consider the resolvent R(z) of the generator for {rx,} 
for some given one-parameter groups of isometries. Our spectral resolution 
for {ar} will be defined in terms of R(z). But, in the general case, the 
spectral resolution, will not be a measure, rather a more singular object. 
We shall consider YP-conditions, and derive spectral continuity which is 
analogous to the familiar case mentioned above. In the last section, we spe- 
cialize to the case where {or,} is a one-parameter group of automorphisms 
on a given C*-algebra, and we compare spectral continuity for {a,} to the 
corresponding familiar spectral theory for the unitary one-parameter 
groups which are induced from {mr} in the GNS representations of 
invariant states on the C*-algebra. 
The spectral theorem (in Stone’s form) makes most spectral problems 
relatively easy and well known for unitary one-parameter groups of 
operators on Hilbert space. But it does not follow that the corresponding 
generalized problems are easy, or unimportant, i.e., the problems for one- 
parameter groups of isometries, the subject of the paper. Certain PDEs 
cannot be worked well in terms of Hilbert-norms. But the primary domain 
of applications for the generalized spectral theory is operator algebras, 
covariant systems, and one-parameter groups of automorphisms. In this 
context, we just do not have Stone’s spectral theorem, and there are 
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certainly no routine generalizations. There are generalizations, but they are 
highly non-routine. Each one has its limitations. The proofs in the present 
paper involve new methods and new ideas, and most of the techniques are 
based on harmonic analysis. 
2. GROUPS OF ISOMETRIES 
Let X be a Banach space, and let {a, : TV rW} be a strongly continuous 
one-parameter group of isometries. Let the infinitesimal generator A be 
defined by 
Ax= -i$ 4x) 
t=0 
on the (dense) domain of vectors x such that the limit t-‘(a,~-x), t 40, 
exists. It follows from [2, Vol. I, Thm. 3.1.303 that the resolvent R(z) = 
(z-A)-’ exists for ZEC, Imz#O, and that 
llR(z)ll < Pm zl -I. (2.1) 
There are also more recent applications of isometry groups outside 
C*-algebra theory. Thus in [4, 171 the authors study one-parameter 
groups of isometries acting on JBW*-triples. Very little is known so far 
about the spectral properties of such one-parameter groups. 
If {rX I : t E R} is in fact a unitary one-parameter group and X is a Hilbert 
space, then we have the spectral resolution 
(2.2) 
where E is the projection valued spectral measure, and A is the self-adjoint 
infinitesimal generator. In this case, the familiar notion of spectral con- 
tinuity (i.e., absolutely continuous, and singularly continuous spectrum) is 
defined for vectors x E X in terms of the finite (scalar valued) Bore1 measure 
A+ (E>.x, x>, (2.3) 
where ( ., -) denotes the Hilbert inner product of X. If the measure in (2.3) 
is absolutely continuous, then it follows that, lim,, o. (cl(x, x) = 0, by the 
Riemann-Lebesgue lemma [ll, Chap. VI, Theorem 1.71. In general, it is 
possible to define a substitute for the measure (2.3), but it is a more 
singular object, see [7, Sect. 21 for details. 
We shall work with the class of functions cp on [w such that rp E dpl([w), 
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and the Fourier transform 4 is of compact support. This is an algebra 
under convolution. It will be denoted X(R), and 
$(A) = s, e-‘“‘cp(t) dt. 
We shall also need the integrated representation (relative to convolution) 
(2.4) 
By composition with the Fourier-transform, we obtain the spectral density 
$i--+ -itx(cp) (2.5) 
which is an operator valued distribution. It will also be denoted E, and it 
agrees with the projection-valued spectral measure form (2.3) in the special 
case of one-parameter groups of unitary operators on Hilbert space. 
DEFINITION 2.1. Let o EX*, and XE X We then say that x is of class 
Co in (the “state”) o if 
,$ynm d%(X)) = 0. (2.6) 
We say that x is of class L,(o), 1 <q Q co if the function, 
t H d&b)) 
is in dpq(R). 
3. SPECTRAL CONTINUITY (p> 1) 
In this section, we treat a portion of the theory of spectral subspaces 
(which will be needed below) and prove a preliminary result on spectral 
continuity. We obtain this spectral continuity from an assumption on the 
resolvent operators which is used in the approximation of the spectral 
resolution for the given one-parameter group. 
DEFINITION 3.1. (i) For x E X, define the Arveson [l] spectrum sp,(x) 
as the hull of the ideal J, = {cp E Y’(R) : a(cp)x = 0}, and, for a given 
closed subset E c R, the spectral subspace 
X,(E) := {x E X : sp,(x) c E}. (3.1) 
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(ii) For x E X, let p(x) be the union of all open subsets G of IF8 such 
that z H R(z)x continues analytically across G, from the upper half-plane 
Im z > 0, to the lower half-plane Im Z-C 0. The complement of p(x) will be 
denoted a(x). 
THEOREM 3.2. For every strongly continuous one-parameter group of 
isometries (clt : t E R } of a Banach space X, and x E X, we have 
0) spa(x) = o(x) 
(ii) for all cp E X( IL!), 
1 
- s 
i R 
q(t) a,(x) dt = norm-lim 
E’O s 
(R(A + i&)x - R(1- i&)x) @(A) dA; 
g(x) 
(3.2) 
(iii) XEX,((--,a]) zfandonly zfa(x)c(-~,a] and 
IIR(z)xll < Iz - al -’ llxlj for all z, Re z > lz. (3.3) 
and 
(iv) For every bounded holomorphic function F defined in the upper 
half-plane, Im z > 0, taking values in X, and satisfying the functional 
equation 
a,(F(z)) = e”“F(z + t) for tElR, Imz>O, (3.4) 
there is a unique vector x in X,(( - 00, a]) such that F(z) is a holomorphic 
extension (to Im z > 0) of the function, t H e-‘%,(x), defined on t E R. 
Moreover 
"'fP llm)II = llxll. (3.4’) 
A version of (iv) was first proved in [6] for the special case when ~1, is 
a unitary one-parameter group on Hilbert space. It was used there in the 
study of analytic continuations of unitary representations of Lie groups. 
In the present more general form, the result gives an independent 
characterization of the Arveson spectral subspaces [l, 121 in terms of the 
translation-representation (3.4) for the holomorphic extension. Our result 
may also be viewed as a generalization of the Four&Segal theorem [3] 
on causality. 
Let Q denote the upper half-planed Im z > 0, and let X be the Banach 
space of all bounded operators Xi --f Y& where & is a given pair of Hilbert 
spaces. The following setting from [9, 131 generalizes (iv) above. Let 
F: 52 + X be a bounded holomorphic function, and let ( Ui(t)),, Iw be a pair 
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of unitary one-parameter groups acting on the respective Hilbert spaces xl 
i= 1,2. Then we have the formula 
iff the non-tangential Fatou boundary value of F(z) is continuous on R 
and 
where A =F(O), A: %$ -+ ZZ; and then sup= llF(z)lj = 11,411. 
This fact is a slight extension of (iv) in the theorem above (but the same 
proof works). The result was noted, in a special case, in [9, Sect. 81, and 
the function F(z) there is the characteristic operator function associated to 
a certain contraction semigroup. A covariance condition (see [9]) for the 
semigroup is shown to be equivalent to the above factorization of the 
characteristic operator function. For more details on semigroups and 
characteristic operator functions, see also [13]. 
Proof of the Theorem. The proof of (i) and (ii) is contained in [7]. 
Formula (ii) is the advertised generalization of Stone’s formula [15] for 
the spectral resolution of a unitary one-parameter group in Hilbert space. 
We stress that the present context is one-parameter groups of isometries in 
Banach space (where the spectral theorem is not available.) Formula (iii) is 
also from [7], but (iv) is new, and based on (i)-(iii). We first note that, 
if XEX,(( - CD, a]) is given, then the function, t me-%,(x), has a 
bounded holomorphic extension to the upper half-plane. Since this 
extension F(z), Im z > 0, is given by the Poisson transform, it follows that 
F(z) satisfies the translation equation (3.4). The existence of the bounded 
holomorphic extension F(z) follows from (i)-(ii). The assertion in (iv) is 
that the converse holds: Every such extension is generated by a single 
vector. To prove this, let F(z) be given as specified. From the vector valued 
version of Fatou’s theorem (see [ll, 12]), F(z) has non-tangential imit- 
values a.e. on the real line, viewed as the boundary of the upper half-plane. 
This limiting function, f(t) say, t E R, is in Y”( R, X), and 
for z = u + iv, u > 0. Substitution into (3.4) yields 
a,(f(s)) = e”“f(s + t) for a.e., s E R, and all t E R. 
Since the group LX, was assumed strongly continuous, we conclude that f( .) 
is continuous. Evaluation at s = 0 yields, cc,(f(O)) = eiraf(r), t E R. If we set 
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x =f(O), then f(t) = e-““a,(x) has the desired form. Once this formula is 
established, it follows that the non-tangential imit is valid everywhere. In 
particular 
lim F(z) =x, 
2-O 
(non-tan) 
and the isometric property (3.4’) follows from known properties of the 
Poisson-kernel, or the maximum-principle. 
Remark. The formula in (ii) may be viewed as a generalized Fourier- 
Carleman transform, see [ll, Chap. VI, Sect. 81 for details; and (i) may be 
viewed as a generalization of Carleman’s theorem [ 11, Chap. VI, Thm. 8.21 
which is the special case of translation on L?(R). 
We now turn to the question of spectral continuity for one-parameter 
groups of isometries. 
PROPOSITION 3.3. Let {ar : t E rW} be a strongly continuous one- 
parameter group of isometries in a Banach space X, and let R(z) be the 
resolvent operators, defined for Im z # 0. Let x E X, ~1) E X*, 1 <p 6 2 and 
assume that 
(a) the functions 
DE(m) x; A) := o(R(A + i&)x - R(I - i&)x) 
are in Yp( [w, dil) for all E, 0 < E < 1, and that 
(b) supo<Ecl jTm IDE(co, x; A)lp dA < 00. 
(3.5) 
Then it follows that x is of class Lq(o), where q is given by q-l +p-’ = 1. 
Remark 3.4. We note that condition (a) is automatically satisfied if we 
assume further that the vector x is in X,(E) for some compact subset 
E c R. This follows from the estimate (2.1) above, combined with Theorem 
3.2(iii). (For further details, see also Corollary 3.5 below.) 
Proof of Proposition 3.3. Consider the spectral density E(o, x) which is 
obtained like in (3.2) as the distribution 
where caret refers to the Fourier transform and a(q) is the integrated 
representation defined in (2.4) above. It follows from Theorem 3.2(ii) that 
(3.6) 
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holds for all $ E C,“(R). But we assumed that the functions {DE(~) x; .) : 
0 < E < 1 } are contained in a (norm-) bounded subset of yP([w, dA). Since 
p > 1, we obtain, by weak*-relative compactness, a convergent subnet 
E, -+ 0, and a weak*-limit D(o, x; .) E gp([w, d1). Since there is already a 
distribution limit E(w, x), we conclude that this distribution is in P’p, viz., 
E(o, x) = D(o, x; .). The uniqueness result [ 16, Theorem 20.21 is used in 
this last step. 
It follows that the integral 
is well defined for n = 1,2, . . . . Moreover, the function t H o(a,(x)) is 
the 9q([w, dt)-limit, n + co, where q = p(p - 1)) ‘. When the Hausdorff- 
Young inequality [ll, Thm. 3.21 or [S, Theorem 7.1.131) is applied, we 
infer that 
UP 
IE(w, x; A)l” d3, 
which is the desired conclusion. 
COROLLARY 3.5. Let {a,} be a one-parameter group as in the proposi- 
tion. Let xEX, uEX*, and p E R v {CO}, p > 1, be given. Finally, let 
Z= [a, b] be a compact interval, and assume that 
(i) x E X,(Z) and 
(ii) sup o<e<l j: P,(w,x;~)Ipd~<~. 
Then the conclusion in Proposition 3.3 holds, and moreover x is of class C, 
in the state o. 
ProojI By Theorem 3.2, the support of the distribution E(o, x) is 
contained in I. Since the family {DE(a) x; -) : 0 < E < l} is norm-bounded in 
Tp(Z, dA), it follows again by weak*-compactness, that E(o, x) is yp in I. 
Since it is also supported in Z, it follows that it is in Pp([w). But Z is finite, 
so it is also in 9’(Z), and in y’(R), using again that it is zero in the 
complement of I. We have already noted that 
-io(u,(x)) = (27c-’ 1 eiA’E(o, x; A) d1, (3.7) 
so the desired conclusion now follows from the Riemann-Lebesgue lemma 
[ll, Thm. 1.71. 
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4. SPECTRAL CONTINUITY (p= 1) 
In this section, we introduce the modification required in Section 3 for 
obtaining spectral continuity from a Y1-type assumption on the resolvent- 
approximation for the spectral density, rather than the stronger &?* (p > 1) 
assumptions. 
THEOREM 4.1. Let {a,} be a strongly one-parameter group of isometries 
in a Banach space X. Let x E X, o E X*, and let I= [a, b] be a compact 
interval. Assume that 
(i) x E X(Z) 
(ii) ~~~~~~~~ jZm (DE(w) x; ;1)/ dA < 00 andfurther that 
(iii) lim,,,,,,, j’Ym ID&+ x; A) - DJw, x; A)l dJ = 0. 
Then it follows that, (a) x is of class Co in the state w, and (b) the 
pointwise limit lim, _ o DE(w) x; .) exists almost everywhere on R. 
ProoJ: Let E(w, x) be the distribution described in (2.5). Then E(w, x) 
is supported in I. Using (ii), and weak*-compactness of the unit-ball in 
the space of measures on R, we conclude that E(w, x) is a measure. 
A computation shows that 
i 
s 
@(A) DE(w) x; 2) d;l= 1 q(t) e-EIflw(a,(x)) dt (4.1) 
for O<c<l, and VEX(R). 
Since the Fourier-transform of e-‘I’l is the Poisson kernel, it follows 
that 
DE(w, x, A) = E(w, x; 0, G 
1 
7-c E2+(/l-cg2 > ’ 
where (., .) refers to the distribution E(w, x; .) applied to the C O”-func- 
tion 
This is the distributional convolution [S, Chap. IV] and it is well defined 
by virtue of the compact support of E(w, x). 
Let 
PeV) := f -& (4.3) 
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denote the Poisson kernel. Then we have proved that 
D,(o, X; 2) = (E(o, x) * P,)(A) (4.4) 
with the convolution * in the sense of distributions, see [S, Sect. 4.21. 
Let U, be the upper half-plane 
tJ+ :=((1,&):M2,&ER+}, 
and let 
A:=$+$ 
be the Laplace operator. Since 
P,(A) = z-l Im(A + is)-’ 
it follows that 
SI DE(w) x; A) A$(J, E) dl d& = 0 vi, 
for all tj E Cp( V,). So A, E H DE(m) x; A) is a weak solution to the 
harmonic equation. It follows from Weyl’s theorem, that, A, E H DE(o) X; A), 
is C” and harmonic in U, . It follows further that 
D ~,+Jw> x; A) = We, * D&A x; .))Gv) 
and that 
which means that the function 
is decreasing. Hence 
sup IID,(w x; .)II 21~ 00 
O<&<ao 
by virtue of assumption (ii). 
Using finally assumption (iii), and completeness of Y’(lR, dL), we obtain 
the existence of some D(w, x) E 9’ such that, lim,,, llDe(o, x; .) - 
D(w, x)11 + = 0. We have, 
Iii0 j DAo, x; 2) g(A) dA= j D(w x, A) g(J-) d2 
SPECTRAL THEORY 141 
for g E gm([w). But DE(q x) is also the Poisson integral of the measure 
E(o, x), by the Fatou-Primalov theorem [ 11, Theorem 3.81. We finally 
infer that E(o, x) = D(o, x), which yields the conclusion E(o, x) E 9’. The 
conclusion (a) of the theorem now follows from (3.7) and the Riemann- 
Lebesgue lemma. 
5. THE SPECTRAL TRANSFORM 
In this section, we show that elements x which satisfy the spectral con- 
tinuity condition have a spectral transform defined on the closed subspace 
in X which is generated by the orbit {a,(x) : TV R}, and we show that 
Theorem 4.1 has a converse. 
We establish a certain spectral transform which may be viewed as dual 
to the translation representation (3.4) from Section 3 above. 
First: 
COROLLARY 5.1. Let {cr, : t E rW} be a dynamical system with tl acting 
isometrically on some given Banach space X. Under the assumptions of the 
theorem (on the pair x, w (x E X, w E X*)), it follows that, t H o(GI,(x)), has 
a spectral density in S?l( [w), i.e., the spectral distribution is of the form 
E(i) dl, where EE g’(R). 
Proof: In the course of the proof of Theorem 4.1, we showed (with the 
assumptions) that the spectral density E = E(o, x; .) = D(w, x; .) satisfies 
EEB’([W), and 
(2ni) o(a,(x)) = f E(i) eiA’ dA, tER. (5.1) R 
Let d denote the Fourier algebra of R, i.e., the image under the Fourier 
transform of Z’(lR). We may consider the sup-norm on d, i.e., 
IlfIIoo=suP{If(t)l:tE~}, fE&- (5.2) 
Let x E X be given, and denote by Y the closed subspace of X which is 
generated by {q(x) : t E R}. 
DEFINITION 5.2. We say that x has a spectral transform if there is a 
bounded (-bounded relative to the sup-norm on a) linear operator 
R: Y + d such that 
Ra, = T,R, tER, (5.3) 
409 168’1.10 
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where T, is the translation group, 
(T,f)b) :=f(s+ t), s, tER. 
We shall need the following simple 
LEMMA 5.3. Suppose some bounded linear operator R: Y + d is known 
to satisfy (i) and (ii) below, 
6) (Rx)(O) = w(x) 
(ii) Rat= T,R, tE [w. 
Then it follows that R is a spectral transform for x. 
Proof Let XEX be given, and let Y and d be defined as above. 
Suppose some given R satisfies (i) and (ii), and let f := Rx. Since f E d, 
the transform E off is .9’(R) and 
f(s) = &. [ E(A) e”” d1, SER. (5.4) 
Using (it(ii), we obtain further, 
f(t)=(T,f)(o)= (T,Rx)(O) 
= U&(x)(O) = 4a,(x)) 
We then conclude from formula (4.1) in the proof of Theorem 4.1 that 
E(.)=E(w,x;.)=D(o,x;.). 
Let Zr denote the contragredient action of R on X*. Then it follows that 
W@)(x))(t) = (b4(a(cpbX 
holds for all t E IR, and rp E X(R). We obtain 
INa(r G llh4l IIa(cp)xll 
= 1141 Il4cPbll 
for all t E R, so we have the estimate 
IIWI, d II@11 IIYIL ye K 
relative to the sup-norm (of (5.2)) on the range of R. 
(5.5) 
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We have proved: 
COROLLARY 5.4. Consider the assumptions from Theorem 4.1 on the 
given element x. If they are satisfied, it follows that x has a unique spectral 
transform. 
We are now ready to prove the announced converse to Theorem 4.1. 
THEOREM 5.5. Let {a,} be a strongly continuous group of isometries in a 
Banach space X, and let x E X be given. Let Y be the closed subspace in X 
generated by {al(x) : t E rW}, and suppose x has a spectral transform 
R: Y-d. 
Then it follows that some o E X* exists such that conditions (ii) and (iii) 
from Theorem 4.1 are satisfied. 
Remark 5.6. We can obtain condition (i) of Theorem 4.1 satisfied as 
well by replacing x with a(q)x, where cp E X(W) is chosen such that the 
Fourier transform 4 is supported in the interval I. 
Proof of Theorem 5.5. Let x be given as in the statement of 
Theorem 5.5, and let R be the corresponding spectral transform (which is 
assumed to exist.) Let Rx =J: We claim that, for some o E X*, 
f(t)=4%(x)L te[W. (5.6) 
To see this, note that the estimate 
I( G IlWlm 
< const. II yll, YE y, 
holds by the assumption on R. It follows that the functional, y + (Ry)(O), 
is bounded on Y; and, so, it has a bounded extension to X by Hahn- 
Banach. Let the extension be denoted CO, CO EX*. The desired assertion 
(5.6) now follows from Lemma 5.3 above. 
Now write f = Rx in the form (5.4) with Fourier transform E, and let 
E * P, denote the corresponding Poisson-transform, see formula (4.3) from 
the proof of Theorem 4.1. Let DE(q x; .) denote the function defined in 
(3.4) from the statement of Proposition 3.3. Then we conclude, from (4.1) 
above, that 
De(o, x; A) = (E * PE)(A). 
Since EE Zl(W), properties (ii)-(iii) in the statement of Theorem 5.5 now 
follow easily. 
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6. CONCLUDING REMARKS 
While the function, t -+o(c(,(x)), may have 9’-Fourier transform for 
some w, this condition cannot be expected to hold for all choices of w 
in X*. The following example illustrates this point. 
Consider the case when X is a C*-algebra, and {cc, : t E R > is some 
strongly continuous one-parameter group of automorphisms. Suppose a 
has an invariant state o. (See [2, Vol. II] for the definition of invariant 
states, and further details.) 
Consider the function F,,. on R given by 
F,,,(t) = 44~) Y), (6.1) 
where x, y is a pair of elements in X. When x is given, this function is of 
the form p(a,(x)) with p E X*, as is immediate from the estimate, lo( < 
lizll Ilyll, valid for all z, y in X. 
(i) OBSERVATION. Let 16 p < co. Suppose y E X, and iz E R, exist such 
that 
a,(y) = e”‘y (tE RI, (6.2) 
and further that o(xy) # 0. Then the Fourier transform of F,, y is not in 
Y*(R). 
ProoJ: Using (6.2) and the assumed invariance for w, we conclude that 
F,,,(t)=o(xa-,(y))=e-“‘o(xy) 
with Fourier transform 
I’,,,(t) = J(5 -A) 4XYh 
where 6 denotes the Dirac delta-function. The result is not in 9*, as 
asserted. 
(ii) OBSERVATION. It may also happen that the Fourier transform of the 
function (6.1) is in 9’(R). 
Since the state w is assumed invariant, {a,} induces a unitary representa- 
tion of R acting on the Hilbert space Xa of the GNS representation. 
Let W)L denote this unitary representation, and let rc, be the 
GNS-representation of the C*-algebra X. Then, by general theory, we have 
the covariance 
U(t) 7-L(x) U(t)* = %,(%(X))~ XEX, te[W. (6.3) 
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Consider the spectral resolution 
w)=~R e%(d~), tel%, (6.4) 
with projection valued measure E(.). Finally, let Sz denote the vacuum 
vector for rc,. If the two vectors z,(x)Q and rc,(y*)L? are assumed both 
to be in the subspace of $Zm consisting of absolutely continuous states for 
E(.), then it follows from (6.3) that the Fourier transform of w(a,(x)v) is 
in Y1(R). To see this, substitute (6.4) into (6.1). Then 
f&(t) = s, eiW(&) 7LJx)Q %AY*)Q) (6.5) 
holds with (., .) denoting the inner product of Xm. The result follows. 
Even if the measure on the right hand side of formula (6.5) is not 
continuous, then the quadratic sum of the point-masses Ck lm,12 of the 
measure in question may be computed as 
1 T 
T% iT I 
IFx,,W12 dt 
-T 
by virtue of Wiener’s theorem [ll, Sects. 7.11 and 5.151. So, if 
lim ,f, ~ m F,,,,(t) = 0, it follows in particular that the measure does not have 
point-masses. 
(iii) OBSERVATION. While the functions, t H p(a,(x)), defined for x E X, 
p E X*, are generally not the Fourier transform of complex measures on R 
(in the generality considered in Sections 3-5 above), we see from (ii), in the 
C*-algebra context, that when o is a given invariant state on the 
C*-algebra X, then the functions F,,.(t) of (6.1) have Fourier transforms 
which are complex measures on R for all x, y E X. For p E R\ (O}, let 
Ps{ F} denote the Poisson transform of F, i.e., 
where 
p&W) = V’p * F)(t), t E R, 
P,(u) = P 7c(fi’ + u2)’ 
UER, 
cf., (4.3) above. Using the above observation, we can show that some given 
invariant state o is /.I-KMS (see [2] for definitions) iff 
Fy,x(-t)=P,W&) 
for all x, ygX, tE[W. 
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It follows from this that (if o is ,Q-KMS) each of the functions F,, ,,( .) 
cannot vanish on a subset of R of positive Lebesgue measure unless identi- 
cally zero. This means that (when F,,,” $ 0), l/F,,,(t) is well defined a.e. 
and locally integrable on R. 
For more details on the ergodic theory of CI,, we refer to [2, 8, lo]. 
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